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ABSTRACT. We show that gravitating Merons in D-dimensional massive Yang–Mills the-
ory can be mapped to solutions of the Einstein–Skyrme model. The identification of the
solutions relies on the fact that, when considering the Meron ansatz for the gauge con-
nection A = λU−1dU , massive Yang-Mills equations reduce to Skyrme equations for the
corresponding group element U . In the same way, the energy-momentum tensors of both
theories can be identified and therefore lead to the same Einstein equations. Subsequently,
we focus on the SU(2) case and show that introducing a mass for the Yang-Mills field
restricts Merons to live on D-dimensional product manifolds of the form MD−3× S3 and
MD−2×S2. We construct explicit examples for D= 4 and D= 5. Finally, we comment on
possible generalizations.
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1 Introduction
The study of massive vector fields dates back to the seminal paper of Proca [1], in which the analogue
of the Klein-Gordon equation for a spin-1 field was constructed. The Proca field can be consistently
coupled to gravity, leading to the Einstein-Proca theory [2] and generalizations [3–6]. These theories
have received renewed interest in the recent years due to applicability in cosmology and astrophysics
(see for example [7–11] and references therein).
Massive Yang–Mills theory (MYM) is the non-Abelian generalization of Proca theory [12–16].
Non-Abelian massive gauge fields can be found in many different contexts in physics, such as the
description ofW and Z bosons in the Standard Model [17], non-perturbative QCD [18] and cosmolo-
gical models [19–21], among others. Even though MYM theory is non-renormalizable [22–24], the
problem can be circumvented either by introducing the Higgs boson [25], modifying the ghost sector
of the theory [26–28] (this, however, can bring problems with unitarity [29]), or considering Abelian
gauges [30]. Another possibility to avoid the renormalizability issue is to consider MYM theory as
an effective description of the massless theory, where the mass is dynamically generated after gauge
fixing [31, 32].
In the case of QCD, there is strong evidence that gluons develop an effective mass at the non-
perturbative level, which is related to color confinement [33–42]. Furthermore, at finite temperature
gluons acquire dynamical mass when considering thermal loop corrections. Color screening pro-
duces an electric Debye mass in the gluon propagator pretty much in the same way as it happens
for the photon propagator in QED [43]. Moreover, the existence of magnetic monopole solutions in
QCD implies lead to a purely non-perturbative magnetic screening mass [44].
On the other hand, a non-linear field theory which provides a low energy regime of QCD is
given by the Skyrme model [45]. Its solutions, called Skyrmions, are topological solitons which
describe the low-energy interactions of pions. As shown by Atiyah and Manton [46] the holonomies
of Instantons in Yang–Mills theory lead, in good approximation, to static solutions of the Skyrme
model. This has been later generalized to define Syrmions from Instantons in a higher dimensional
space in the context of a bulk/boundary duality [47–49]. Moreover, this construction can be applied
to the BPS Skyrme model [50], where the equivalence between Skyrmions and Instanton holonomies
becomes exact. Since a dynamical mass naturally appears when studying non-perturvative effects of
gauge theories, it is interesting to investigate whether there is a similar relation between topological
solitons in MYM theory and Skyrmions.
In this paper, we focus on a special kind of topological solitons, namely, on Meron-like config-
urations. Merons are classical singular solutions of the Yang–Mills equations with half-integer topo-
logical charge, which play an important role in the color confinement problem [51, 52]1. Although
they were original studied in Euclidean Yang-Mills theory as half -Instantons2, they have later been
considered in the Lorentzian case as-well. When coupled to gravity the singularity of Merons can
1Also, for a recent analysis of Meron configurations in the context of holographic QCD, see [53].
2Merons have also been introduced as half -Skyrmions in quantum Halls systems [54].
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be avoided, making them well defined solutions. In the four-dimensional case, a Lorentzian SU(2)
Meron gauge field has been used to construct non-Abelian black holes in Einstein–Yang–Mills the-
ory [55]. As shown in [56], the Meron ansatz in this case resembles the Wu-Yang monopole solution,
which was also used in [57] to define black hedgehogs in N = 2 supersymmetric Yang–Mills theory.
In five dimensions, and analogue SU(2)Meron black hole has been constructed by means of the gen-
eralized hedgehog ansatz [58]3. Moreover, Euclidean Meron-like solutions in Einstein–Yang–Mills
theory have also been studied in [60].
In this article we construct Meron solutions in the Einstein–MYM theory. We will show that these
solutions can be mapped to solutions of the Einstein-Skyrme model, whose properties have been
exhaustively studied in the last years [61–72]. In particular, we show that a Meron solution of the
MYM equations leads to a gauge group element that solves the Skyrme equations when the coupling
constants of both theories are identified in a suitable way. We show that the same identification
allows to obtain the Skyrme energy-momentum tensor from the corresponding one in MYM theory,
leading to an identification of the Einstein equations in both systems. In the SU(2) we construct
explicit examples based on the generalized hedgehog ansatz which define massive Merons as well as
Skyrmions on product manifolds of the formMD−3×S3. We show that a similar construction can be
made on manifolds of the form MD−2× S2 by performing an identification on the three-sphere and
that maps the generalized hedgehog ansatz on S3 into the standard hedgehog on S2.
The paper is organized as follows. In Section 2, after briefly reviewing the Einstein–MYM theory
and the Einstein–Skyrme model, we show how Meron solutions of the former theory can be mapped
into solutions of the latter one. Section 3 deals with the SU(2) case and the construction of Meron
solutions on product manifolds of the form MD−3× S3 and MD−2× S2 . Finally, in Section 4, we
summarize the results, give some concluding remarks and elaborate on possible future directions.
2 Skyrmions from massive Merons
In this section, we show howMerons in Einstein-MYM theory can be used to construct Skyrmions in
the Einstein–Skyrmemodel. In order to do this, we start by briefly reviewing the main aspects of both
theories and subsequently introduce the Meron gauge field anstaz, which leads to the identification
of massive Merons and Skyrmions.
2.1 Einstein–MYM theory
The starting point is the Einstein–MYM system in D dimensions. The gravitational action is given
by the Einstein-Hilbert term
IEH =
1
16piG
∫
dDx(R−2Λ) , (2.1)
3Similar gauge field anstaz have been studied in [59] as generalized monopole solutions with SO(2,1) gauge group.
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where R is the Ricci scalar, G is the Newton constant and Λ is the cosmological constant. We
have also set c = h¯ = 1. The action for the massive Yang-Mills field is defined as the non-abelian
generalization of Proca theory, i.e.
IMYM =
1
16piγ2
∫
dDx
√−gTr[FµνFµν +2m2AµAµ] . (2.2)
Here Aµ is a connection taking values on a matrix Lie algebra with associated gauge group G,
Fµν = ∂µAν −∂νAµ +
[
Aµ ,Aν
]
is the corresponding field strength and γ is the Yang–Mills coupling
constant.
Therefore, the action for Einstein–MYM theory reads
IEinstein−MYM = IEH+ IMYM . (2.3)
Denoting the infinitesimal generators ofG by ti, which satisfy the Lie algebra commutation relations[
ti, t j
]
= f ki j tk , (2.4)
the gauge field can be written as
Aµ = A
i
µ ti , (2.5)
while the curvature can be written in components as
Fµν = F
i
µν ti , F
i
µν = ∂µA
i
ν −∂νAiµ + f i jkA jµAkν . (2.6)
Varying (2.3) with respect to Aµ leads to the MYM equations
∇νF
νµ +[Aν ,F
νµ ]−m2Aµ = 0 , (2.7)
where ∇µ is the Levi-Civita covariant derivative. Evaluating the divergence of this equation leads to
the condition
∇µA
µ = 0 , (2.8)
which means that all the solutions of the MYM equations are divergence free.
On the other hand, varying (2.3) with respect to the metric leads to the D-dimensional Einstein
equations
Gµν +Λgµν = 8piGT
MYM
µν , (2.9)
where Gµν = Rµν − 12gµνR is the Einstein tensor and Tµν is the stress-energy tensor associated to
the MYM field:
TMYMµν =
1
4piγ2
Tr
[
−FµαFνβgαβ +
1
4
gµνF
αβFαβ −m2
(
AµAν − 1
2
gµνA
αAα
)]
. (2.10)
Due to the presence of the mass termm2AµAµ , the Einstein-MYM action is not gauge invariant. Nev-
ertheless, as it happens in Proca theory, gauge symmetry can be restored in the theory by introducing
a Stückelberg field [12, 15].
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2.2 The Einstein–Skyrme model
The Einstein-Skyrme model in D dimensions is described by the following action:
IEinstein−Skyrme = IEH+ ISkyrme . (2.11)
The Einstein-Hilbert action IEH has been defined in (2.1), and ISkyrme is the Skyrme action for a
matrix scalar fieldU , defined as a smooth map from space-time to a compact semi-simple matrix Lie
group G,
ISkyrme =
∫
dDx
√−gTr
[
f 2pi
16
RµR
µ +
1
32e2
HµνH
µν
]
, (2.12)
where we have defined
Rµ =U
−1∂µU , Hµν =
[
Rµ ,Rν
]
. (2.13)
Varying the action (2.11) with respect toU leads to Skyrme equation:
∇µR
µ +
1
e2 f 2pi
∇µ [Rν ,H
µν ] = 0 , (2.14)
whereas variation with respect to the metric yields the Einstein equations
Gµν +Λgµν = 8piGT
Skyrme
µν , (2.15)
where the energy-momentum tensor of the Skyrme model is given by
T
Skyrme
µν =−
1
8
Tr
[
f 2pi
(
RµRν − 1
2
gµνR
αRα
)
+
1
e2
(
HµαH
α
ν −
1
4
gµνHαβH
αβ
)]
. (2.16)
Skyrmions are characterized by their topological charge, given by the Barion number
B=
1
24pi2
∫
Tr
[
RµRνRρ
]
dxµ ∧dxν ∧dxρ , (2.17)
where integration is to be made over a three-dimensional compact hypersurface on which the Skyrmion
field has support at spatial infinity.
2.3 Translating massive Merons into Skyrmions
In this section, we will show how Meron gauge fields constructed in the Einstein–MYM theory can
be translated into solutions of the Einstein–Skyrme model. The first important remark that suggest
an overlap between the solution spaces of both theories is the fact that, when restricting the analysis
of the MYM action to Meron gauge fields, we obtain the action for the Skyrme model.
In Yang–Mills theories, Meron gauge fields are defined as potentials that are proportional to a
pure gauge [51], i.e.
Aµ = λU
−1∂µU , λ 6= 0,1 . (2.18)
In the case of MYM theory, pure gauge configurations do not exist as the presence of the mass m in
(2.2) breaks the gauge symmetry of the Yang–Mills (m = 0) case. However, as it will be shown in
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Section 3, it is possible to find solutions of the MYM equations for gauge fields of the form (2.18)
for a restricted class of product space manifolds, which in the limitm→∞ reduce to Meron solutions
for the standard (massless) Einstein–Yang–Mills theory4.
Note that the definition (2.18) leads to a curvature form that is algebraic in gauge potential, i.e.
Fµν =
λ −1
λ
[
Aµ ,Aν
]
. (2.19)
Therefore, given an elementU ∈G that defines a Meron gauge field (2.18), one can write
Aµ = λRµ , Fµν = λ (λ −1)Hµν , (2.20)
where we have intentionally adopted the notation (2.13) defined for the Einstein–Skyrme model.
Plugging this ansatz back into the MYM action (2.2) yields the effective action
IMYM
∣∣∣
Aµ=λRµ
=
1
16piγ2
∫
dDx
√−gTr
[
λ 2 (1−λ )2HµνHµν +2m2λ 2RµRµ
]
, (2.21)
It is straightforward to see that this expression corresponds to the Skyrme action (2.12) provided we
identity the constants λ , m and γ in the form
m2λ 2
piγ2
=
f 2pi
2
,
λ 2 (λ −1)2
piγ2
=
1
2e2
. (2.22)
We see that this identification rules out the case m = 0 and therefore it cannot be established in the
case of (massless) Yang–Mills theory. Furthermore, it requires the condition λ 6= 0,1 as specified in
(2.18), which ensures that the field strength tensor (2.19) does not vanish. However, in order to show
that solutions of both theories can be identified, this equivalence should be implemented beyond a
mere matching of the actions.
Let us consider Einstein equations in the MYM case (2.9). The energy-momentum tensor enter-
ing in this equation is given by (2.10), which in the case of a Meron gauge field (2.20) reduces to
TMYMµν
∣∣∣
Aµ=λRµ
=−Tr
[
λ 2 (1−λ )2
4piγ2
(
HµαH
α
ν −
1
4
gµνHαβH
αβ
)
+
m2λ 2
4piγ2
(
RµRν − 1
2
gµνR
αRα
)]
.
(2.23)
Using the identification (2.22), this expression matches the energy momentum of the Skyme model
(2.16). This means that finding a Meron gauge field Aµ = λRµ that solves Einstein equations (2.9) in
the Einstein–MYM system allows one to find a group elementU ∈ G that solves the corresponding
Einstein equations (2.15) in the Einstein–Skyrme model.
To complete the proof of this identification, we still have to show that a Meron solution of the
MYM equations determines a solution of the Skyrme equations. In order to this, let us replace the
ansatz (2.20) in the MYM equations (2.7). This leads to
∇νH
νµ +λ [Rν ,H
νµ ]− m
2
λ −1R
µ = 0 . (2.24)
4Some of the solutions in the m= 0 case have been already constructed in [60] in the Euclidean case.
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Either evaluating the commutator of this equation with Rµ or acting on it with ∇µ , leads to
∇µ [Rν ,H
µν ] = 0 . (2.25)
On the other hand, the condition (2.8) in this case simply means
∇µR
µ = 0 . (2.26)
From (2.26) and (2.25) we see that a Meron satisfying the MYM equations (2.7) defines a group
element U ∈ G satisfying the Skyrme equation (2.14). This completes the proof that gravitating
Merons in Einstein–MYM theory can be mapped to a solution of the Einstein–Skyrme model.
3 SU(2) case and product manifolds
We will now consider the particular case G = SU(2) and define Meron gauge field configurations
following [55, 60]. We will consider the generators of the su(2) algebra in the form
ti = iσi , i= 1,2,3 , (3.1)
where σi stands for the Pauli matrices. Therefore, Eqs. (2.4) and (2.6) hold for
fi jk =−2εi jk , (3.2)
where εi jk is three-dimensional the Levi–Civita symbol. Note that a pure gauge field can be expressed
in terms of SU(2) left-invariant Maurer–Cartan forms
R= Rµdx
µ =U−1dU = iΓiσi , (3.3)
which satisfy the Maurer–Cartan equation
dΓi = ε i jkΓ
j ∧Γk , (3.4)
Therefore, one can define the Meron one-form using (2.18) and (3.3),
A= Aµdx
µ = iλΓiσi , (3.5)
and similarly for the corresponding curvature two-form, for which Eq. (2.19) leads to
F =
1
2
Fµνdx
µdxν =−iλ (λ −1)ε i jk Γ j ∧Γkσi . (3.6)
In the following, we will use these expressions to evaluate the MYM equations (2.7) and solve them
to find a solution for λ .
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3.1 Metric ansatz and massive Yang–Mills equation
Let us consider a D-dimensional space-time with line element of the form [60]
ds2 = gµνdx
µdxν = hab (z)dz
adzb+ρ(z)2dΩ23 (y) , (3.7)
where we have split the coordinates as
xµ =
(
za,yi
)
, a= 0, ..,D−4 , i= 1,2,3 . (3.8)
Here, hab is a (D−3)−dimensional metric expressed in coordinates za, dΩ23 is the line element of the
three-sphere S3 with coordinates yi, and ρ (z) is a warping factor depending only on the coordinates
za. We will use the bi-invariant metric on SU(2) [73] to define the metric for S3 in terms of the
Maurer-Cartan forms Γi:
dΩ3 =−1
2
Tr
[
U−1dUU−1dU
]
=
3
∑
i=1
ΓiΓi . (3.9)
Therefore, one can define a set of vielbeins eA =
(
eA˜,eD−4+i
)
for (3.7), where A˜= 0, . . . ,D−4, such
that
ds2 = ηABe
A eB , hab (z)dz
adzb = ηA˜B˜ e
A˜eB˜ , ρ2dΩ23 (y) =
3
∑
i=1
eD−4+i eD−4+i . (3.10)
In particular, this means that the Maurer–Cartan forms (3.4) define a set of dreibeins on S3 and thus
eD−4+i = ρ (z) Γi (y) , (3.11)
where the forms Γi are to be expressed in terms of the coordinates yi on S3. The relation (3.11)
makes explicit the identification between tangent space-time indices and Lie algebra indices i, j,k.
This identification has been used in [58] to define the spin-from-isospin effect for gravitatingMerons.
As we will see now, the previous considerations are sufficient to solve the MYM equations (2.7),
which can be written in differential form language as
d ∗F+[A,∗F]+m2 ∗A= 0 , (3.12)
Using (3.11), one can show that the Hodge dual of the one-form Meron gauge field (3.5) and two-
form curvature (3.6) read
∗A= (−1)D−1 iλρ (z)
2
dΓiσi∧Volh ,
∗F = (−1)D 2iλ (λ −1)
ρ (z)
Γi σi∧Volh ,
(3.13)
where Volh = e
0 ∧ · · · ∧ eD−4 is the volume form associated to the (D− 3)-dimensional manifold
defined by the metric tensor hab(z) in (3.7). Using these expression and the Maurer–Cartan equation
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(3.4), all the components of the MYM equation (3.12) can be shown to be proportional to a single
polynomial equation for λ :
(−1)D iλ
ρ (z)
(
4λ (λ −1)−2(λ −1)+ m
2ρ (z)2
2
)
dΓiσi∧Volh = 0 , (3.14)
which can be solved for
ρ (z) = ρ0 = const. 6= 0 (3.15)
and leads to
λ± =
1
4
(
3±
√
1−2m2ρ20
)
. (3.16)
In the case massless limit m→ 0, the solution λ− → 1/2 reproduces the usual result for Merons
considered in [58,60], while the solution λ+ → 1 becomes trivial. Note that (3.16) requires the mass
to be bounded from above, i.e.
m2 ≤ 1
2ρ20
. (3.17)
The condition (3.15) implies that, in order to have a Meron gauge field solving the MYM equations
in a space-time background of the form (3.7), the space-time must be a product manifold of the
three-sphere and a (D−3)-dimensional manifoldMD−3 with metric hab(z).
As a consistency check, it is worth to note that we can use (3.13) to evaluate the exterior derivative
of ∗A, which takes the form
d ∗A= (−1)D−1 iλ
2
∂ρ (z)
∂ za
dzadΓiσi∧Volh . (3.18)
Therefore the condition (2.8), which in this case is given by ∗d ∗A= 0, is fulfilled for constant ρ and
matches the condition (3.15) found from solving the MYM equations.
3.2 Generalized hedgehog ansatz
An elementU ∈ SU(2) can be parametrized in the form
U (xµ) = cosα (xµ)1+ isinα (xµ)niσi , (3.19)
where 1 is the 2×2 identity and ni is a unitary vector. In this parametrization, the components of the
left-invariant Maurer–Cartan forms on SU(2) (3.3) are given by
Γi = sinα ε ijkn
jdnk+nidα + sinα cosα dni , (3.20)
The generalized hedgehog ansatz consists in choosing
n1 = sinΘcosΦ , n2 = sinΘsinΦ , n3 = cosΘ , (3.21)
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where the functions Φ, Θ, and α are given by
Φ =
ψ +φ
2
, tanΘ =
cot
(
θ
2
)
cos
(
ψ−φ
2
) , tanα =−
√
1+ tan2Θ
tan
(
ψ−φ
2
) , (3.22)
and 0< ψ < 4pi , 0< θ < pi , 0< φ < 2pi . This leads to5
Γ1 =
1
2
(sinψ dθ − sinθ cosψ dφ) ,
Γ2 =
1
2
(−cosψ dθ − sinθ sinψ dφ) ,
Γ3 =
1
2
(dψ + cosθ dφ) .
(3.23)
Using this expression in (3.5), one can verify that for any metric of the form in (3.7), a Meron gauge
field satisfies the condition (2.8), showing that the generalized hedgehog ansatz is well suited for
studying massive Merons. It is important to note that the generalized hedgehog ansatz is topolo-
gically non-trivial and thus cannot be deformed continuously to the trivial vacuum. Indeed, it has
non-trivial winding number along the za = const hyper-surfaces of the metric (3.7),
W =
1
24pi2
∫
S3
Tr
[(
U−1dU
)3]
= 1 , (3.24)
This expression corresponds to the Baryon charge for the Skyrme fieldU given by (2.17). Thus, the
massive gauge fields constructed with the generalized hedgehog anstaz are characterized by B= 1.
3.3 Einstein equations
In Section 3.1, we have shown that Meron solutions in MYM theory with gauge SU(2) exist on
products manifolds of the formMD−3×S3 with metric
ds2 = hab (z)dz
adzb+
ρ20
4
(
dψ2+dθ2+dφ2+2cosθdφdψ
)
, (3.25)
where we have used (3.37) to express dΩ23. For such kind of spaces, the components of the Einstein
tensor are given by [60]
Gψψ = Gθθ = Gφφ =
1
cosθ
Gψφ =−
1
4
(
1+
ρ20
2
R(h)
)
,
Gia = 0 ,
Gab = G
(h)
ab
− 3
ρ2
hab ,
(3.26)
5One can see that the generalized hedgehog ansatz consist in expressing the SU(2) left-invariant forms in terms of
Euler angles [74].
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where R(h) and G
(h)
ab are the Ricci scalar and the Einstein tensor associated to the metric hab, re-
spectively. The energy-momentum tensor (2.10), on the other hand, can be evaluated using (3.5) and
(3.23), which yields
Tψψ = Tθθ = Tφφ =
1
cosθ
Tψφ =
λ 2
4piγ2
(
(λ −1)2
ρ20
− m
2
4
)
,
Tia = 0 ,
Tab =−
3λ 2
piγ2
(
(λ −1)2
ρ40
+
m2
4ρ20
)
hab .
(3.27)
Using these results, the Einstein equations (2.9) reduce to
R(h) = R0 ,
G
(h)
ab +Λeff hab = 0 ,
(3.28)
where we have defined the constants
R0 = 2Λ− 2(γ
2−2Gm2λ 2)
γ2ρ20
− 16Gλ
2(λ −1)2
γ2ρ40
,
Λeff = Λ−
3(γ2−2Gm2λ 2)
γ2ρ20
+
24Gλ 2(λ −1)2
γ2ρ40
.
(3.29)
As it was shown in Section 2.3, the energy-momentum tensor in Einstein MYM theory (2.10) and the
energy-momentum tensor of the Einstein–Skyrme model (2.16) can be identified by replacing m and
γ by the constants fpi and e according to (2.22). Therefore, when implementing (2.22), Eq. (3.28)
also defines the Einstein equations of the Einstein–Skyrme model (2.15) for product manifolds of the
form (3.25). In the following we will show how examples of solutions of these equations, which by
construction define space-time backgrounds that support massive gravitating Merons and gravitating
Skyrmions.
D>5
For D > 5, Eq. (3.28) implies that the solutions to Einstein equations are product manifolds of
S3 and (D−3)-dimensional geometries MD−3 with constant Ricci scalar R0 and satisfying Einstein
equations in D−3 dimensions with an effective cosmological constant Λeff.
D=5
The case D= 5 is special, as the submanifold with metric hab has dimension two and the associated
Einstein tensor G
(h)
ab vanishes identically. In this case, the manifold M2 endowed with the (1+ 1)-
dimensional metric hab is a constant curvature space with Riemann tensor
R
(h)
abcd =
R0
2
(hachbd−hadhbc) , (3.30)
12
and the second equation in (3.28) reduces to the condition Λeff = 0, which leads to the following
solution for ρ20 when Λ 6= 0:
ρ20± =
3
(
γ2−2Gm2λ 2)±√9(γ2−2Gm2λ 2)2−96γ2GΛλ 2 (λ −1)2
2γ2Λ
. (3.31)
Since hab describes a (1+1)-dimensional constant curvature manifoldM2, we can consider coordin-
ates za = (t,r) and the general ansatz
habdz
adzb =− f (r)2 dt2+ 1
f (r)2
dr2 . (3.32)
The Ricci scalar and the Einstein tensor associated to this metric have the form
R(h) =−( f (r)2)′′ , (3.33)
which together with Eq. (3.28) leads to
f (r)2 =−R0
2
r2+C2r+C1 , (3.34)
where C1 and C2 are arbitrary constants. The case C1 = 1 and C2 = 0 correspond to the product
manifolds dS2× S3 when R0 > 0 and to AdS2× S3 when R0 < 0. Since ρ20 must be postive, it is
necessary to consider the different possible choices for the cosmological constant Λ separately. For
Λ > 0 both ρ20+ and ρ
2
0− are admissible solutions and the following conditions must hold
γ2 > 2Gm2λ 2 , Λ <
3
(
γ2−2Gm2λ 2)2
32Gγ2λ 2 (λ −1)2
. (3.35)
For Λ < 0 the solution ρ20+ is ruled out, while ρ
2
0− is always well-defined. In the case Λ = 0 the
solution has to be worked out independently, and the vanishing of Λeff yields
ρ20 =
8Gλ 2 (λ −1)2
γ2−2Gm2λ 2 , (3.36)
which requires the first condition of (3.35) to hold6. In the following, we will show how similar solu-
tions can be constructed on product manifolds involving the two-sphere by performing a coordinate
identification in the generalized hedgehog ansatz as well as in the metric of the three-sphere.
3.4 From MD−3×S3 to MD−2×S2
Since the intersection of S3 with a three-dimensional plane defines a two-sphere, a coordinate identi-
fication of the three- sphere allows one to reduced the generalized hedgehog anstaz (3.22) to S2. The
metric of the three-sphere is given by
dΩ23 =
1
4
(
dψ2+dθ2+dφ2+2cosθ dφdψ
)
, (3.37)
6Note that we have expressed ρ20 in terms of λ , while the opposite has been done in (3.16). When plugging (3.31) or
(3.36) in (3.16), it is possible to express λ as a quite involved function of m, γ , G and Λ, whose explicit form will not be
given here.
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One can see that, defining new variables (ϑ ,ϕ) and setting
ψ = φ = ϕ , θ = pi−2ϑ , (3.38)
the line element (3.37) boils down to the line element of the two-sphere
dΩ23→ dΩ22 = dϑ2+ sin2ϑ dϕ2 . (3.39)
However, as θ ∈ [0,pi), the new angle ϑ = (pi − θ)/2 ranges over [pi
2
,0). Thus, the identification
(3.39) has to be supplemented with the range redefinition7.
0< ϕ < 2pi , 0< ϑ < pi . (3.40)
This identification allows one to define Merons on S2. Indeed, replacing (3.39) in the generalized
hedgehog anstaz (3.22)
Φ = ϕ , Θ = ϑ , α =
pi
2
. (3.41)
This identification reduces (3.21) to the usual unitary vector on S2,
n1 = sinϑ cosϕ , n2 = sinϑ sinϕ , n3 = cosϑ , (3.42)
and therefore turns the generalized hedgehog anstaz into the standard spherically symmetric hedge-
hog. The choice (3.41) has been used in [55] to define Merons on S2. Here we have shown how it can
be obtained by an identification of the three-sphere. Now, applying (3.39) on (3.25), we can consider
Merons on product manifolds of the formMD−2×S2, i.e.
ds2 = hab (z)dz
adzb+ρ20
(
dϑ2+ sin2ϑdϕ
)
. (3.43)
When applied to Maurer–Cartan forms (3.23), this leads to
Γ1 → −sinϕ dϑ − cosϑ sinϑ cosϕ dϕ ,
Γ2 → cosϕ dϑ − cosϑ sinϑ sinϕ dϕ ,
Γ3 → sin2ϑ dϕ ,
(3.44)
which determines the Meron gauge field one-form (3.5) and the curvature (3.6). Replacing these
expressions into the MYM equations (2.7) leads to the following polynomial in for λ
4λ (λ −1)−2(λ −1)+m2ρ20 = 0 . (3.45)
Therefore, instead of (3.16), in the case of Merons on S2, the solution for λ is given by
λ± =
1
4
(
3±
√
1−4m2ρ20
)
, (3.46)
7This in complete analogy with the fact that identifying the polar angle and the azimuth on a two-sphere leads to a
half-circle, whose resulting angle range must doubled to obtain S1. The resulting circle is equivalent to an intersection of
the two-sphere and a two-dimensional plane.
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which leads to the condition
m2 <
1
4ρ20
. (3.47)
On the other hand, using (3.44) and (3.3), we can construct a vector Rµ entering in the Skyrme action
(2.12). As shown in Section 2.3 in the general case, the corresponding scalar field U(xµ) will solve
the Skyrme equations (2.14). When considering the metric (3.43), Einstein equations (2.9) can be
put in the reduced form (3.28), but in this case the constants R0 and Λeff are given by
R0 = 2Λ−
16Gλ 2 (λ −1)2
γ2ρ40
,
Λeff = Λ−
γ2−4Gm2λ 2
γ2ρ20
+
8Gλ 2 (λ −1)2
γ2ρ40
.
(3.48)
Solutions for these equations can be found exactly in the same way as done in the previous section.
D>4
For D> 4, the solutions of are (3.28) product manifolds of S2 and (D−2)-dimensional geometries
MD−2 with constant Ricci scalar R0 and satisfying Einstein equations in D− 2 dimensions with an
effective cosmological constant Λeff given in (3.48).
D=4
ForD= 4 the Einstein tensorG
(h)
ab vanishes and the manifoldM2 given by a constant curvature space.
Then (3.28) leads to the condition Λeff = 0, whose solutions is given by
ρ20± =
γ2−4Gm2λ 2±
√
(γ2−4Gm2λ 2)2−32γ2Gλ 2 (λ −1)2Λ
2γ2Λ
. (3.49)
Using the anstaz (3.32) for the metric hab, the profile function f (r)
2 is found to have the form (3.34)
but now with R0 given by Eq. (3.48). Note that the solution (3.49) can be obtained from the corres-
ponding solution found in D= 5 by applying the following rescalings to Eq. (3.31):
m2(D=5) −→ 2m2(D=4) , G(D=5) −→ µG(D=4) ,
Λ(D=5) −→ 3Λ(D=4) , γ2(D=5) −→ µγ2(D=4) .
(3.50)
where µ is a parameter with dimension of length required by dimensional analysis. Moreover, this
rescaling of m2 allows one to obtain the solution for λ given in (3.46) for D= 4 from the correspond-
ing solution (3.16) found in D = 5. Similarly, the analysis for ρ20± given in Eqs. (3.35) and (3.36)
also holds here by applying the rescalings (3.50).
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4 Conclusions
We have studied Meron configurations in Einstein–MYM theory and we have shown that these solu-
tions are in correspondence with hedgehog solitons in the Einstein–Skyrme model. This identific-
ations of solutions is valid in any space-time dimensions. When the Merons ansatz for the gauge
connection written in terms a group elementU is replaced in the MYM equations, the Skyrme equa-
tions for U are obtained. The identification requires to suitable identify the coupling constants of
both theories, which also allow to reduce the MYM energy-momentum to the corresponding Skyrme
energy-momentum tensor. This last result further implies that Einstein equations in both system take
the same form. Therefore, finding a gravitating Meron solution of Einstein–MYM theory automatic-
ally leads to the existence of a gravitating Skyrmion solution of the Einstein–Skyrme model.
Next, we turned our attention to the SU(2) case, where we have shown that in order to have a
solution of the MYM equations the space-time geometries must be restricted to product manifolds
of the formMD−3×S3. Then, Einstein equations for D>5 can be reduced to an effective set of lower
dimensional Einstein equations, while for D = 5 the solution is given by the product of a constant
curvature two-dimensional space-time and the three-sphere. Subsequently, We have shown how an
identification on three sphere allows to define Merons on manifolds of the form MD−2× S2, where
the analysis for D> 4 and forD= 4 follows in complete analogy with the previous case. In both type
of manifolds, Merons are defined using the generalized hedgehog ansatz. In each case, the SU(2)
group element U(xµ) used to construct a gravitating Meron gauge field Aµ = λU
−1∂µU defines a
Skyrmion when the Yang–Mills coupling constant and the gauge field massm2 are suitable identified
with the coupling constants of the Skyrme model. In particular, we have shown that massive Merons
can be defined on the manifolds (A)dS2× S3 and (A)dS2× S2. These manifolds are relevant in the
study of near-horizon black hole geometries [75,76]. The solutions found in this article could be then
be useful in the description of black holes with Skyrmion hairs, which have been studied in [61–63].
An interesting future direction is to generalize these results to more general gauge groups. For
example, exact solutions of the Skyrme model have been recently discovered in the SU(3) case [72].
This scenario is physically sensible and relating solutions of the MYM equations with Skyrmions
could have implications when studying non-perturbative aspects of QCD.
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